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iTATIONAL ADTISORY COMMITTEE FOR AERONAUTICS 

TECHNICAL NOTE NO. 949 

SIMPLY SUPPORTED LONG RECTAN&ULAR PLATE UNDER 

COMBINED AXIAL LOAD AND NORMAL PRESSURE 

Sy Samuel Levy, Daniel Q-oldenberg, 
and Greorge Ziljrltosky 

SUMMARY 

A solution is presented for the load^strain cur7e of a 
simply supported rectangular plate having a width— length ratio 
of 1:4 under confined norma"l pressure and axial load. The cal- 
culations are carried to axial loads considerably in excess of 
those req,uired to buckle the plate. 

Normal pressure was found to make the buckling load 
larger than its value for zero normal pressure; the theoret- 
ical buckling load was larger by a factor of 3,1 for one com- 
bination of axial load and normal pressure. Normal pressure 
caused a decrease in effective width at loads below the normal 
buckling load and an increase in effective width for loads 
somewhat greater than the normal buckling load; however, normal 
pressure caoised less than 1 percent increase in effective width 
for average compressive strains greater than six times the 
buckling strain for zero normal pressure. 

Jor some combinations of normal pressure and axial load 
the plate can be in eq.uilibrium in more than one buckle pat- 
tern. Under such circumstances it is possible for the plate 
to be either buckled or unbuckled depending on the previous 
history of loading. 

The results indicate it to be conservative design in the 
elastic range to neglect the effect of lateral pressure on the 
sheet buckling load and on the load carried by the sheet after 
buckling. 

INTRODUCTION 

The sheet in airplane wings, fuselages, and hull bottoms 
constructed of sheet metal reinforced by stringers frequently 
is subjected to normal pressure as well as forces in the plane 
of the sheet. It is important, therefore, to determine the 
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effect of normal pressure on the load— strain curye of a long 
rectangular plate which approximates the sheet between 
stringers. 

Experimental results on the effect of normal pressure on 
the critical compressive stress of curved sheet are given by 
Rafel (reference l). These results indicate that for the two 
specimens tested normal pressure can more than double the 
critical compressive stress. 

A general solution for the deflection and stress distri- 
bution in flat sheet subjected to normal pressure and axial 
force is given in reference 2, This general solution will be 
used in the present paper to determine the effective width of 
a simply supported flat rectangular plate subjected to combined 
axial compression and normal pressure up to axial loads consid- 
erably exceeding the normal buckling load, A ratio of width to 
length of plate of 1:4 was c5iosen, .since this is typical of both 
hull-rbottom plating and moao(?oq,ue wings. 



SYMBOLS 



The symbols have the following significance (see fig, 1); 
a length of plate 

b Bs width of plate 

h thickness of plate 



w 



deflection of plate 



?,y 



coordinate axes with origin at corner of plate 



Young's modulus 




D = Eh=/l2(l-ji®) , flexural rigidity of plate 



P 



uniform normal pressure on plate 



e 



average oompress-ive stra^'n at edges y 



= 0 and b 



P 



axial load on plate 



FUNDAMENTAL EQUATIONS 



An initially flat rectangular plate of uniform thickness 
will be considered. The plate is simply supported on all four 
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edges. The loading consists of a uniform normal pressure 
combined with axial loading in the direction of the longer ■ 
side of the rectangle. 

DBPLEOf ION EQUATIONS 

By use of the method outlined on page 3 of reference 2, 
it can he shown that, if the lateral deflection of the plato 
is approximated hy an expression having four undetermined 
constants, 

w « w,^, sin 25 sin HZ + W3 , , sin ^ sin 22 ' 

+ w sin ^ sin II? + w sin l25 sin HZ (1) 
5,1 a h 7,1 a 0 

the following relations hold: 

0 =- 0.26688^+ 1.6725h®w, - 0, lOlS^w, ,+ 1. 604wf 

- 3w^ w , + 4.093w^ -w, - + 3.222w^ w 

- 3 , 0625w3^iW^^i + 4.326W5^iWi^i. + 4. 6 SOw^ ^ ^w^ , ^ 

(2) 

- 6,045w w w^ - 6.205W w w + 7. 07w w w 

1,1 3|1 5,1 1,1 5,1 7,1 3,1 6,1 7,1 

0 = - 0,088762^ + 3,6169h2w , - 0.9119--W, - _ • 

+ 4,093w|^^Wjj^^ - 3.022w|^ jWg^j + l.SieWg^^ 

+ 5,766w|^^Wjj^j+ 4.992Wb^iW7^i + 7, 294W7 , 1W3 , 1 



+ 6,443w^^^W3^^Wg^^-. 6.125Wi^iW3^iW7,i+ 7. 07wi , iw 5 ^ iw 7 ^ 1 

(3) 
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0=- 0, 05S26^-+ 9,7380h2w„ _ S.flSSO^w^ - 3,032w^ , 
Eh. ° » Eh ^f'- 

+ 4.326w^^^Wg^^ - 3.102w|^j»r^^^ + 3. 222v,^^ ^ , 
+ 5.766w|^^W5^j + 3.441w=^^ + 13. SVw^ ^ ^^w^ ^ ^ 

pl>* a Ph 

0 = - 0,038040=- — + 24. 45 Oh , - 4.9647 — w_ , 
Eh Eh ^f'- 

- 3.102w|^^Wg^j + 4.680w|^iW7^i - 3. 062w| ^ jW^ ^ ^ 
+ "^.SgSwI^^w^^j + 4.994w|^lW3^l + 13. 27w g ^ 1^7 , l 
+ 10.37w7,i+ 7.07wi,iW3,iWs,i (5) 

EFffECTIVS WIDTH 

The ratio of the effectiTe width to the initial width 
(defined as the ratio of the actual compressive load carried 
"by the plate to the load the plate would have carried if tfeo 
stress had heon uniform and eq.ual to the Young's modulus bimc 
the average edge strain) was computed from equation (ll) of 
refeyence 2 as: 

Effective width • P ■ . 
= (6) 

Initial width TT^Eh.a g a - 2 n 

P+ /v, ,+ 9w .+ 25w_ ,+ 49w ) 

128b\ ^'^y 



The average compressive strain at the edges 7=0, 
y = h • was also computed from equation (ll) of reference 2 as 
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^ Ebh 128b® 



Equation (l) restricts the shape of the deflected eua>- 
face of the plate to one sine ware across its width and a 
combination of four sine waves along its length, This in- 
troduces errors into the solution; however, reference 2 shows 
that for plate deflections less than twice the plate thick- 
ness the errors are probably less than 5 -oercent^ . 

SOLUTIOW 



Ihe four s iiaultaneous cubic equations, (2) tp (5), 
were solved for the deflection coefficients Wj , ^ 
Wg j^, and • using the following steps; * * 



1, Divide each of equations (2) to (5) by h'* , 



2. 



Estimate values of ^x^x/^i ^3,i/^» ^B,l/^» 



w^ ^/h corresponding to chosen values of Pb/Eh and 
pbVEh*. 

3, Expand the right— hand side of each of equations (2) 

to (5) in a Taylor series. in the neighborhood of the estinatcd 
values of Wi^j/h, Ws^i/h, Ws^i/h, and W7ji/h, onitting 

terns of higher order than the first, 

4, Solve the resulting linear equations for the differ- 
ence between the estimated values of w, ,/h, w_ -/h, 

X y X' ' O y X 

Wg j/h, and w^ ^/h and their improved values; use Grout's 
method (reference 3), 

5, Repeat until the estimated error is less than 0,2 per- 
cent. One or two trials usually were sufficient to give a 
satisfactory answer, 

6, If the load is constant while the deflection changes, 
consider one of the deflection coefficients w^^^/h, w^^^/h, 

W5 ,/h, or W7 ,/h as independent variable in place of one 
of the load coefficients Pb/Eh^ or pb^/sh"*, a?he deflection 
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coefficients determined "by this procedure are given for 

p= 0 in table I, for p = 2. 40Bh'*/TJ * ia table II, for 

p = 12, 03Eh*/"b* in table III, and for p «= 24, 03Sh b * in 
table IV, Ihe average compresBive strain e at the ed^es 
computed from equation (?) is also given in tables I to lY, 

I 

Oubic equations like equations (2) to (f) frequently 
have more than one real solution, IPor the case where the 
lateral pressure is zero (tablo I), two solutions, ona cor- 
responding to 5 buckles and the other to 7 buckles, ara 
given. In the other cases the pressure is not zero (tables 
II to IV), and only one solution is given although other solu- 
tions are possible. The single solutions given in those ease s 
correspond to a continuous" change in buckle pattern from zero 
axial load to the maximum axial load considered an.d probably 
correspond to the lowest equilibrium load, 

The development of the buckle pattern is shown grq,phi-i 
cally in figures 2 to 5 for pressures p = 0, 2,40Bh*/b*, 
12, OS^h^/b-*, and 24.03EhVb'*, respectively. It is seea 
that the deflection of the plate at the axial center line is 
a single long bulge for low axial force P and gradually 
builds up to a regular buckle pattern at larger values of P, 
The shifting of the buckle pattern from 3 to 7 buckles in 
figures 4 and P is accompanied by a drop in axial load. It is 
significant to note that the initial general downward deflec- 
tion of the sheet duo to normal pressure p is almost entirely 
wiped out at large values of axial force P, 

Th.o axial load P given in tables I to IV is plotted 
against the average edge compressive strain e in figures 6 
to 9, The most striking feature of figures 6 to 9 is the fact 
that the plate can be in equilibrium in more than one buckle 
pattern for a given combination of loads, Por example, with a 
normal pressure p = 24, OSSh^/b * (fig. 9) and an axial load P = 

lO.OOEhV^, "the sheet can be in stable equilibrium with^ 1 
buckle at o=12.Fh®/b®, with 3 buckles at e=18.1h^/b^, 
and with 7 buckles at e= 18.6h^/b^, and the sheet is in un- 
stable equilibrium with 3 buckles at e=13,6h^/b^ and with 7 
buckles at e = 17,3h^/b^. This anomalous condition also has boon 
observed oxperi mentally. Almost any condition of stable equi- 
librium of the sheet can be reached by a suitable history of pre- 
vious loading, Por example, when P= 7i5h3/b and p= 12,02Eh'*/b* 
in figure 8, the sheet is in stable equilibrium at ea8,2h®/b^ 
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for axial loads incj'easing from zero and at o = 9,811/15 

3 , 

for axial loads decreasing from 9Eh /Tj, 

Tho axial load at which buckling occurs is P= 3.84Eh^/b 
when p = 0, P=4,05Bh®/b when p=3.40Eh'*/b , PaS.SeEh^o 
when p= 12, OSEh^/b*. and P=ll,84Eh°/b when p= 24.03Sh**/b* 

The buckling load at the highest normal pressure is 3,1 times 
the buckling load with no normal pressure, 

'ihG ratio of effective width to initial width was oont- 
puted from oq.uation (6) and tables I to IV, The results are 
plotted in figure 10 for pa 0, figure 11 for p = 2, 40Eh*/b*, 

figure 12 for p =e 12,02Eh*/b*, and figure 13 for 

p = 24, 031h'*/b*, Increasing normal pressure lowers the effec— 
tiye~wia.th ratio for strains less than the buckling strain, 

e = 3.8h^/b®, and raises the effective-width ratio for strains 

somewhat greater than this. I'or strains well beyond this 

(e > le.Bh'^/b® when p = 12, 02EhVT>*i bl^^ e >21.1h®/b'^ 

when p 9 24.03Eh /b ) the normal pressure causes less than 1 
percent increase as compared v;ith the effective— width ratio 
found for zero normal pressure. 



OOITCLUSIONS 



The buckling load is considerably increased by normal 
pressure, Por the highest pressure considered, the theoretical 
buckling load is 3,1 times the buckling load for zero normal 
pressure. Normal pressure causes a decrease In effective 
width at strains below the normal buckling strain and an in- 
crease in effective width for strains somewhat greater than 
the normal buckling strain. If the buckling load is consider- 
ably exceeded, however, normal pressure causes less than 1-- 
percent increase in effective width. For some combinations 
of normal pressure and axial load the sheet can be in eq.ui— 
librium in more than one position. Under such circumstances 
it is possible for the sheet to be either unbuckled or buckled, 
depending on the previous history of loading, 

Tho results indicate it to be conservative design in the 
elastic range to neglect the effeot of lateral pressure on the 
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sheet buckling load and on the load carried by the sheet 
after buckling. 



National Bureau of Standards, 

Washington, D. 0., June 2, 1944, 
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Table I.- Values of deflection coefficients for various 

values of axial compressive load in the x - 
direction, for simply supported recteuigular plate, 
a » 4b, ix » 0.316. Normal pressure, p « 0. 



Pb 






_o f X 




f , A 


eb* 






u 


V, 
11 




V 

a 


0. 


3.84 


0 


0 


0 




0 


3.84 


3.95 


0 


0 


.881 




0 


4.10 


4.00 


U 


0 


• o90 




0 


4. o4 


A OA 


r\ 

yj 




. S4o 




U 


A OS 


A AA 


U 


u 


. OOO 




U 




5.80 


0 


0 


1.000 




0 


7«iiO 


5.98 


0 


0 


1.838 




0 


8.88 


6.80 


0 


0 


1.476 




0 


11.00 


7.60 


0 


0 


1.664 




0 


18.94 


8.40 


0 


0 


1.833 




0 


14.88 


9.88 


0 


0 


" 8.001 ~ 




0 


16.99 


4.93 


0 


0 


0 




0 


4.93 


7.03 


6 


0 


0 




14000 


10.80 


. 9.11 


0 


0 


0 




1.414 


16.66 


11.80 


0 


0 


0 




1.738 


88.53' 


13.89 


0 


0 


0 




8.000 


88.40 



Table II.- Value of deflection coefficients fox various 

values of axial compressive load in the x - 
direction, P, for simply supported rectangular plate, 
a « 4b, \L » 0.316. Normal pressure, p * S.40Xli4/b4. 



Pb 


wi,l 


*3,1 


W5,l 


*7,1 


eb8 


Eh3 


h 


h 


h 


h 


hS 


0 


.366 


.064 


.015 


.004 


.01 


.99 


.388 


.083 


.080 


.005 


1.00 


1.97 


.417 


.115 


.031 


.007 


2.00 


8.96 


.448 


.173 


.058 


.013 


3.00 


3,95 


.484 


.858 


.161 


-019 


4.06 


4.05 


.488 


.857 


.195 


.017n 


4.18 


4.13 


.470 


.847 


.845 


.011 


4.31 


4.84 


.349 


.181 


.445 


-.018 


4.66 


4.44 


.830 


.183 


.658 


-.088 


5.88 


4.93 


.144 


.088 


.908 


-.083 


6.51 


5.98 


.085 


.054 


1.845 


-.081 


8.98 


6.91 


.060 


.048 


1.509 


*.019 


. 11.30 


7.90 


.047 


.035 


1.733 


-.018 


13.69 


8.90 


.038 


.030 


1.934 


-.016 


16.11 


9.87 


.038 


..087 


2, WO 


-.015 


18.45 
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Table III.- Values of deflection coefficients for various values 

of axial compressive load in the x - direction, P, 
for simply supported rectangular plate, a » 4b, p. = 0.316. llormal 
pressure, p « 18.0SEhVb4> 



Pb 


'^l.l 


^3 1 






ebS 


Eh® 


ti 








, , _ 


0 


1. 331 


. 388 


.112 


.034 


0.37 


.99 


1.392 


.382 


.139 


.045 


1.38 


1.97 


1.460 


,429 


.173 


.060 


2.34 


S.96 


1.539 


.480 


.215 


.081 


3.42 


3.95 


1.620 


.532 


.263 


,109 


4.52 


4.93 


1.710 


.579 


.317 


.146 ~ 


5.67" 


5.92 


1.796 


.620 


. 373 


.194 


6.85 


6.91 


1.880 


.656 


.428 


.255 


8.08 


7.90 


1.928 


.676 


.472 


.344 


9.37 


8.13 


1.929 


.675 


1 .482 


.374 


9. 71 


8.38 


1.914 


.668 


.488 


.4i6 


10.09' 


8.43. 


1.908 


.665 


.488 


.434 


10.14 


8.46 


1.899 


.661 


.488 


.436 


10.23 


8.49 


1.889 


.657 


.488 


.447 


10.88 


8.53 


1.878 


.653 


.487 


.458 


10.34 


8.56 


1.851 


.643 


. 484 


.480 


~ 10.43' 


8.55 


1.787 


.617 


.473 


.530 


10.51 


8.49 


1. 730 


. 598 


.460 


.548 


loisi 


8,29 


1,603 


. 556 


433 


.600 


10,41 


8.26 


1.585 


! 563 


.405 


.608 


10. 38 


8 . 24 


1.578 


. 574 


. 390 


.611 


~ 10.36' 


8 . 23 


1. 576 




. 380 




in at? 


8!21 


l!573 


.603 ■ 


. 360 


,613 


10.31 


8.14 


1.569 


.647 


! 320 


!60S 


10.21 


8.03 


1.556 


.689 


.280 


. 596 


10.04 


7.46 


1.462 


.800 


.158 


.542 


9.22' 


6.55 


1.270 


.900 


.024 


.463 


8.05 


5.88 


1.067 


1.000 


-.085 


.413 


7.32 


5. 75 


.952 


1.100 


-.151 


.413 


7. 34 


5.92 


.894 


1.200 


-.197 


.438 


7. 78 


6.28 


.873 


i . 300 


-.235 


.482 


8.'49' 


6. 77 


.874 


1.400 


-.267 


.541 


9.43 


7.40 


,896 


1.500 


-.297 


.619 


10 .'64 


8.24 


.934 


1.600 


-.325 


. 724 


13.27 


8 .83 


,961 


1,650 


-.339 


. 799 


13.42 


9.15 


,976 


1,670 


-.344 


.843 


~ 14.06" 


9.81 


, 998 


1 Sn2 








10.00 


liool 


1,670 


-.345 


.975 


15.84 


10.24 


,974 


1,560 


-.320 


1.063 


16.46 


10.16 


,950 


1.490 


-. 303 


1.081 


16. 36 


9.98 


,917 


1.400 


-.281 


1.094 


16.08' 


9 . 73 


.879 


1 . 300 


-.256 


1.099 


15.65 


9.45 


.840 ■ 


1.200 


-.231 


1.098 


15! 17 


9.17 


.801 


1.100 


-.305 


1.095 


14.67 


8.89 


. 762 


1.000 


-.179 


1.089 


14.17 


8.64 


.734 


.900 


-.151 


1.084 


13.72" 


8.40 


.687 


.800 


-.133 


1.079 


13.30 


8.19 


.651 


.700 


-.093 


1,076 


12.96 


8. OS 


.617 


.600 


-.063 


1.077 


12.69 


^7.89 


.583 


.500 


-.030 


1.083 


12.53 


7.83 


.548 


.400 


.003 


1.100 


12.54 


7.89 


.505 


.300 


.034 


1.135 


12.83 


8.00 


.474 


.S48 


.047 


1.170 


13.24 


8.33 


.417 


.185 


.054 


1.350 


14.38 


8.70 


.373 


.151 


.053 


1.337 


15.38 


9.30 


.320 


.119 


.046 


~ 1.438 


~ 17.13" 


9.87 


.383 


.101 


.041 


1.533 


18.77 


10.90 


.335 


.080 


.033 


1.690 


21.70 


11.85 


.304 


.067 


.028 


1.821 


24.39 


12.80 


.180 J 


.058 


.024 


1.943 


27.07 


13. 8S 


.160 ~ 


.050 


~ ,021 1 


~ 2.065 ~ 


- 29.93 
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Table IV.- Values of deflection coefficients for various 
values of axial compressive load in the x - 



direction, P, for simply-supported rectangular plate, 
a = 4b, » 0.516. Normal pressure, p = 84.03Eh4/b4. 



Pb 

• 


"1,1 


"5|l 


75.1 


"7,1 


eb" 




h 


b 


h 


h 




0 


2.024 


.560 


.218 


.080 


0.65 


.99 


2.089 


.600 


.248 


.096 


1.73 


1.97 


2.157 


.640 


.281 


.115 


2.88 


2.96 


2.228 


.682 


.316 


.138 


3.93 


3.95 


2.302 


L_ .728 


.353 


.164 


5.06 


4.93 


2.378 


.762 


.391 


.194 


6.81" 


5.92 


2.454 


.800 


.430 


.888 


7.38 


6.91 


2.528 


.836 


.468 


.267 


8.58 


7.90 


2.599 


.868 


.506 


.311 


9.80 


8.88 


2.662 


.898 


.541 


. 362 


11.05 


9.87 


2.714 


.921 


..574 


.422 


18.33" 


10.66 


2.735 


.933 


.595 


.482 


13.40 


11.84 


2.674 


.916 


,607 


.633 


15.20 


11.81 


2.516 


.867 


.574 


, 720 


15.42 


11.30 


2.284 


.811 


.501 


.800 


15.06 


10.65 


2.086 


.847 


.374 


.839 


14.41" 


9.93 


1.962 


.980 


.226 


.803 


13.43 


9.28 


1.857 


1.063 


.133 


.759 


12.54 


8.58 


1,732 


1.138 


.046 


. 712 


: 11.63 


_ 7.87 


1.581 .. 


1.217 


-.042 


.666 


_ 10.77_ 


7.32 


1.414 


1.318 


-.131 


.635 


10.84 


7.22 


1.323 


1.397 


-.183 


.637 


10.31 


7.26 


1.285 


1.443 


-.208 


.645 


10.49 


7.58 


1.225 


1.553 


-.858 


.683 


11.87 


8.24 


1.200 


: .673 


-.303 j 


.758 


18.60 


9.13 


1.20S 


1.789 


-.341 


.844 


14.38 


10.13 


1.222 


1.879 


-.369 


.949 
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JiguxQ l.~ Plate xmder axial load and normal pressvur^ (a 9 4b) 
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Fig. 2 
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Figure 2.- Relation between deflection at , »uldwid1J, A-A, and distance 
from end of plate, Normal- pressure, p « 0. 
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ligccre 3,- Relation Detween denactio^i at m^^Wdk,, A^, and distaaies from 
exA of plat©, Pregsiare, p - 5,40EJi*/'b4» 
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Pig. 4 
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Distance from end, ratio x/a 
ligQxa 4,« Relation Tsetween deflection at mldwidtli, A^i Aiitance from 
end of plate. Pressuro, p « 12.02Eli4/T>4. 
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Fig. 5 




Figare 5.- Relation between deflection at midwidtH.and distance from end 
of plate, Pressure, p » S^.OSlh'^/lJ^. 
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Pig. 6 




Pigure 6.- Axial load P as a function of average edge strain- e when 

noraal pressiar©, p ~ 0, (b = plate width, h = plate thickness). 
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Pigure 7t- Axial load F as a function of average ed^e strain e. ^onaal 
press-ore, p = 2,40Eh4/"b4, (ij = plate isidtli, h » plate 

thicloioss) . 



Pig. 8 




Figore 8«~ Axial load P as a function of averags edge strain e. 

ITormal pressure, p « 18.p2Eh'*/l34^ (t a: plate width, 
. h. » plate thickness)* 
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Jigure 9«- Axial load P as a function of average ecL£,e strain e, 

Ncrmal pressiire, p » 24,03Elx-i/T34, (t a plats width, 
h s plate thickness) • 
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Jig. 10 




ffiti'oro 10,- Variation of ratio cf effective width to initial iTidth. 

"VJith edge strain e, Hbrmal presstire, p « 0, ( Is ss 
plato width, h a plate thickness) • 
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Pigore Variation of ratio of effective width to initial width 

With edge strain $, iTormal pressure , p <" 2,40Eb*/T54, 
(l3 a plate width, h. » plate thickness). 
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K.gu;:e 12.- Variation of ratio of effective width to i nitial - widtli 
ifitli edge strain e. Normal pressure* p = 12.02E1i4/Tj4, 
(b • plate widtli, h = plate thickness) • 
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Pigure 13.- Variation of ratio of effective width to initial width 

with edge st/aia- e, Horinal pressure, p = 24.03Bh4/l34 
("b se plate width, h b p',ate thickness). 



